This paper is dedicated to the special occasion of Gary Chartrand's 70th birthday and in recognition of his numerous contributions to graph theory.
Introduction
Our study of irregularity strength is motivated by the fact that any non-trivial simple graph has two vertices of the same degree. This is not the case for multigraphs or digraphs. In [4] the study of graph irregularity strength was initiated using the following definition:
If f : E(G) → Z + is an edge labeling such that the induced vertex weighting g, given by g(v) = e=vx f (e), is injective, then we say f is an irregular labeling of G. We call g(v) the weight of the vertex v. That is, an irregular labeling of a simple graph G corresponds to a map from G to a multigraph M with underlying graph G, such that M is irregular and the multiplicity of an edge e in M is f (e). Let I(G) denote the set of irregular labelings of G, and define the irregularity strength s(G) of a simple graph G to be min f ∈I(G) max e∈E (G) f (e) = s(G).
In [4] , the authors gave results on the irregularity strength of various families of graphs and demonstrated that s(G) is well-defined for all connected graphs G with order n ≥ 3. Numerous authors have since epanded the family of graphs for which the irregularity strength is known.
It is the goal of this paper to extend the notion of irregularity strength to digraphs. Let D be a digraph and let V (D) be the vertex set and A(D) be the arc set of D. k .
For example, we define an r-regular digraph to be a digraph with degree sequence (r, r)
n . The directed cycle C n is an example of a 1-regular directed digraph with degree sequence (1, 1) n . We let P n denote the directed path of order n, that is the orientation of P n such that all internal vertices have degree (1, 1) . We define an antipath to be any orientation of the path such that every vertex has either in-degree 0 or out-degree 0. Additionally, define K n to be the complete symmetric digraph with a loop at every vertex. In this paper, all digraphs D will have at most one isolated vertex.
Formally, the definitions for digraph irregularity strength are as follows. Let f : (A(D)) → Z + be an arc-labeling of D such that the induced vertex weighting g, given by
is injective. We say that f is an irregular labeling of D. Allowing I(D) to be the set of irregular labelings of a digraph D, we define the irregularity strength of D to be
At this time, we note that if G is the underlying simple graph of D, then s(G) ≥ s(D).
A different formulation of digraph irregularity was defined and studied in [15] . Additionally, digraphs D with s(D) = 1 have been studied in [8] , [5] and [11] . In this paper, we determine the irregularity strength of all tournaments, disjoint unions of nontrivial directed paths and cycles, and the antipath.
A Lower Bound on Irregularity Strength
Let n k (G) denote the number of vertices of degree k in a graph G. The parameter λ(G), where
has been of interest in the study of graph irregularity strength. It is well known that λ(G) is a lower bound for s(G). Additionally, it has been shown [2] , [17] that there exist classes of graphs where λ(G) and s(G) differ asymptotically. We give a lower bound on s(D) that is analogous to λ(G).
, where
Proof. Let D be a digraph with irregularity strength s. Then the degree of every vertex x in U must have
It follows that under any irregular labeling, every vertex in U must have weighted out-degree (in-degree) between i 1 and si 2 (j 1 and sj 2 ). As each of the weighted degrees must be distinct, (si 2 − i 1 + 1)(sj 2 − j 1 + 1) ≥ |U |. Because this is the case for all such subsets U ⊆ V (D), the theorem follows.
To demonstrate the utility of this theorem we present the following corollaries: Proof. To obtain the result, simply apply Theorem 1 with U = V (D).
Corollary 3. Let D be an arbitrary digraph with k vertices of degree (1,1). Then
Proof. To obtain the result, simply apply Theorem 1 with U being the set of vertices of degree (1, 1) in D.
In particular, both Corollaries 2 and 3 imply that any union of directed cycles of order n has irregularity strength at least ⌈ √ n⌉.
Corollary 4. Let D be a union of t ≥ 1 disjoint paths having orders
Proof. The weights of each of the t vertices with in-degree 0 must be distinct, so s(D) ≥ t. Additionally, let U be the set of vertices of degree (1, 1) .
, the corollary follows.
Tournaments
In this section, we determine the irregularity strength of any tournament T .
Theorem 5. The irregularity strength of a tournament T is 1 if T is transitive and 2 otherwise.
Proof. Any transitive tournament is irregular and thus has irregularity strength 1.
As such, we let T n be a non-transitive tournament of order n and show that the irregularity strength of T n is 2. The fact that S(T n ) ≥ 2 follows immediately from the fact that T n is not irregular.
The only non-transitive tournament of order 3 is a directed cycle, which clearly has irregularity strength 2. Suppose therefore that n ≥ 4. Since T n is not transitive, there are distinct vertices z 1 and
Let the remaining vertices of T n , listed arbitrarily, be z 3 , . . . , z n .
We now give an arc-labeling of T n with the set {1, 2}. If i is even and j ≤ i let the arc between z i and z j be labeled with a 2. Otherwise, label the arc with a 1. Let w(z j ) denote the sum of the in-weight and out-weight of z j . Then
j is odd and n is odd
j is even and n is odd
j is odd and n is even 3n+j−4 2 j is even and n is even Note that w(z i ) = w(z j ) except in the case that i = 1 and j = 2. Suppose then that z 1 and z 2 do not have distinct vertex weights.
, it is not difficult to show that z 1 and z 2 must lie on a directed C 3 in T n . Let x be the other vertex on this directed C 3 and select any fourth vertex w in the T n so one of x and w has edges labeled 2 going to z 1 and z 2 and one has edges labeled 1 adjacent with z 1 and z 2 . Then there are only two possibilities for the orientations of these edges up to arc reversal, as given in the figure below. If we switch the indices of x = z i and w = z j to w = z j and w = z i we do not change the total weight of any vertex, but we do alter the in-weight and out-weight of both z 1 and z 2 . Under the assumption that their quantities were equal under our prior ordering of V (T n ), it is not difficult to see that they will be distinct after reordering.
Directed Paths and Cycles
We consider the problem of labeling a directed cycle and directed path irregularly. Because every vertex of C k has degree (1,1), an irregular labeling of C k corresponds to a cyclic integer sequence of length k where no consecutive ordered pair occurs more than once. These sequences are similar to deBruijn sequences [3] . Finding a k-element deBruijn-like sequence over an alphabet of n symbols is equivalent to finding a circuit of length k in K n . As an example, the following figure gives the irregular labeling of C 8 associated with the deBruijn-like sequence 11233213 as well as the associated circuit in K 3 . We will show in Lemma 10 that K n contains a circuit of length k for any k ≤ n 2 . This fact, along with Corollary 2, allows us to give the irregularity strength of C k .
In a similar manner, we can use circuits in K n to generate irregular labelings of P k (k ≤ n 2 ). Since P k has k − 2 vertices of degree (1, 1), each of which would correspond to a distinct arc in K n under an irregular weighting, we have the following. Theorem 7. For any directed path P n of order n ≥ 3,
For completeness, we note P 2 has irregularity strength 1.
Unions of Directed Cycles.
We now move to the problem of irregularly labeling a disjoint union of directed paths or cycles. An analysis identical to that given above shows a set of arc-disjoint circuits in K n of lengths n 1 ,...n k correspond to an irregular labeling of i=k i=1 C ni . We apply the following theorem of Balister [1] about packing arc-disjoint circuits into a complete symmetric digraph without loops to get a general result about the irregularity strength of a union of cycles.
and n i ≥ 2 for i = 1, ..., k then the complete symmetric digraph of order n without loops contains k arc-disjoint circuits of lengths n 1 , ..., n k except in the case when n = 6, k = 10 and all n i = 3.
Using the circuits from Theorem 8 and the fact that K 6 decomposes into 12 circuits of length 3, we get the following corollary.
Unions of Directed Paths.
Recall that an irregular labeling of a union of directed paths requires that each out-leaf (in-leaf) has a distinct label. For this reason, we cannot apply Theorem 8 in this case. We introduce the following rooted circuit packing lemma which will help us determine the irregularity strength of a union of directed paths. Let V ( K n ) = {v 1 , v 2 , ..., v n } and say that a circuit C is rooted at v i if v i ∈ V (C). Additionally, we say that a circuit C in K n is symmetric if uv ∈ A(C) implies vu ∈ A(C).
Lemma 10 (The Rooted Circuit Packing Lemma). Let n ≥ 3 be an integer, and let n 1 , . . . , n k be nonnegative integers such that k ≤ n and i=k i=1 n i ≤ n 2 . Then there exist arc-disjoint circuits C 1 , . . . , C k in K n such that each C i has length n i and is rooted at v i , except in the case where n = 3, k = 3, n 1 = n 2 = 2 and n 3 = 5.
Proof. The proof is by double induction on n and k. Let k ≤ n, and
We prove the slightly stronger statement that for n ≥ 3 there exists, with the stated exception, a set of arc-disjoint symmetric rooted circuits {C i } i=k i=1 in K n having the stated properties. For the basis step, we need to verify all cases where n = 3, and the base case k = 1 for arbitrary n. It is easy for the reader to check that every choice of {n i } i=3 i=1 for n = 3 except for n 1 = 2, n 2 = 2, n 3 = 5 will result in an appropriate packing. To show that the exceptional case is not feasible, we simply note that the only way to remove two 2-cycles from K 3 leaves a disconnected digraph of size 5.
To show that the case k = 1 holds for all n, let v i v j denote the 2-cycle v i v j v i where let i < j. Order the 2-cycles so that v i v j is ordered before v k v h if i < k or i = k and j < h (in other words, via the lexicographic ordering). If n 1 ≤ n(n − 1) is odd, let E(C 1 ) be the loop at v 1 and the first n1−1 2 2-cycles. If n 1 ≤ n(n − 1) is even, let E(C 1 ) be the first n1 2 2-cycles. If n 1 > n(n − 1), add any n 1 − n(n − 1) remaining loops of K n to the circuit composed of all of the n 2 2-cycles of K n . For the remainder of the proof, we will retain the notation v i v j to represent a 2-cycle, but it is no longer necessary to require i < j. Moving forward, let n ≥ 4, k ≤ n, and suppose the theorem holds for all smaller values of n and k. We consider two cases:
In the case n = 4, n 1 = 2, n 2 = 2, n 3 = 5, n 4 = 7 refer to following figure.
For the remainder of the cases we are free to use the inductive hypothesis. Since
2 , we can find k − 1 edge-disjoint symmetric rooted circuits
in K n − v k . Note that the removal of these k − 1 symmetric circuits from K n leaves only loops and 2-cycles, in particular the loop at v k and all 2-cycles of the form v i v k . We construct C k using all 2-cycles of the form v i v k and enough Figure 3 . A symmetric rooted circuit decomposition of K 4 with n 1 = 2, n 2 = 2, n 3 = 5, n 4 = 7 additional 2-cycles and loops to assure that C k has a total of n k arcs. Then
is the required set of symmetric rooted circuits.
If n i ≤ 2 for all 1 ≤ i ≤ k − 1 then as n ≥ 4 is is not difficult to pack a set of symmetric rooted circuits {C i } i=k i=1 in K n . Consequently, we can assume n k−1 ≥ 3 and we let n
where C i has length n i for 1 ≤ i ≤ k − 2 and C ′ k−1 has length n ′ k−1 . Additionally, as the lengths of these circuits sum to at most (n − 1) 2 − 2, removing these k − 1 circuits from K n − v k leaves at least one 2-cycle or 2 loops.
Assume that the 2-cycle v i v j is in K n − v k and does not lie in C 1 , . . . , C k−2 or C ′ k−1 . We augment C ′ k−1 to create a symmetric circuit of length n k−1 rooted at v k−1 by adding the 2-cycle v k−1 v k and the loop at v k to C ′ k−1 . We construct the circuit C k by taking the n − 2 2-cycles adjacent to v k in K n that do not lie in C k−1 , along with the 2-cycle v i v j . Then C k is symmetric and rooted at v k with
is a set of arc-disjoint symmetric rooted circuits of the desired lengths. Now suppose that the loops at v i and v j , where neither i nor j is equal to k remain when we remove
is not incident to either of these loops, we construct C k from these loops and all of the 2-cycles containing v k except v k−1 v k and augment C 
is a set of symmetric rooted that have the desired lengths.
2 , we wish to remove v k from K n and invoke the inductive hypothesis for this copy of K n − v k . Since σ > 1, we can apply the inductive hypothesis except when n = 4, n 1 = 2, n 2 = 2, n 3 = 5, and n 4 = 5 or 6. Fortunately, these cases follow from the decomposition given above for n = 4, n 1 = 2, n 2 = 2, n 3 = 5, n 4 = 7.
In any other case, we may apply the induction hypothesis to obtain symmetric circuits C 1 , . . . , C k−1 in K n − v k with each C i rooted at v i . Since n k is at most 2n − 3, we construct C k using any ⌊ n k 2 ⌋ 2-cycles containing v k and, if n k is odd, the loop at v k . Then, each of the circuits C 1 , . . . , C k is symmetric and rooted at the vertices n 1 , . . . , n k , respectively.
2 + 1. Since the n i are increasing, we have that both n k−1 and n k are at least n and therefore that σ is at most n − 1. Let n ′ k−1 = n k−1 − σ ≥ 1. We invoke the inductive hypothesis and get a collection of symmetric rooted circuits
Note that only one of n k and σ can be odd (since their sum is odd). If σ is odd, we create the symmetric circuit C k−1 of length n k−1 by adding the loop at v k , the 2-cycle v k−1 v k and other 2-cycles containing
. It is not difficult to then construct C k from the remaining 2-cycles at v k and possibly the loop at v k (if n k is odd). This complet! es Subcase 2.2 and Case 2. With all cases exhausted, the proof is complete.
As a consequence of Lemma 10, we get the following:
Lemma 10 implies that we can construct circuits C 1 , . . . , C t such that each C i is rooted at vertex v i in K n and has length k i − 2. For each i, let s with i. Since the C i were constructed to be arc-disjoint in K n each of the vertices of degree (1, 1) in D will have distinct weight. Additionally, the initial and terminal vertices of the i th path will have weights (0, i) and (i, 0) respectively. It follows that this is an irregular labeling of D with maximum label at most n, and the result follows.
The Rooted Circuit Packing Lemma also allows us to irregularly label some unions of cycles that were not addressed by Corollary 9.
Proposition 12. If D is a union of k ≤ n directed cycles, where n(n − 1) < |D| ≤ n 2 then s( C ni ) = n.
Irregular Labelings of Antipaths
Recall that we define an antipath to be any orientation of the path such that every vertex has either in-degree 0 or out-degree 0. Let A n denote the antipath whose first vertex has in-degree 0. In this section, we determine s(A n ). As the irregularity strength of a digraph does not change if we reverse all of its arcs, we note that this will suffice to establish the irregularity strength of either antipath of order n.
Proof. The lower bound follows from the fact that the structure of A n implies that in any irregular labeling there are ⌈ We also allow a 1 , . . . , a n−1 to denote the arcs of A n in order. We proceed by considering the following cases.
For n = 4k + 1, we construct an irregular labelingŵ 4k+1 of A 4k+1 that has the property that no arc receives a label greater than k + 1 = ⌈ n 4 ⌉. Additionally,ŵ 4k+1 will have the property that the arcs a 3k−1 , a 3k and a 3k+1 are labeled with k + 1 and these are the only arcs labeled k + 1. To constructŵ 5 , we label the arcs of A 5 with the labels 1, 2, 2, 2.
Proceeding recursively, we will define a labeling of A 4k+5 , where k ≥ 1 in the following way:
In other words, starting with a copy of A 4k+1 labeled byŵ 4k+1 , we create a copy of A 4k+5 by inserting 4 appropriately directed arcs at v 3k+1 and labeling them k + 1, k + 2, k + 2 and k + 2. Let this arc-labeling beŵ 4k+5 . As an example, the following figure demonstrates the process by which we generateŵ 9 fromŵ 5 .
In this labeling of A 4k+5 , note immediately that we satisfy the condition that a 3(k+1)−1 , a 3(k+1) and a 3(k+1)+1 are all labeled with k + 2. If k is odd, then v 3k , . . . , v 3k+5 have induced weights (2k+2, 0), (0, 2k+2), (2k+3, 0), (0, 2k+4), (2k+ 4, 0) and (0, 2k + 3), respectively. If k is even, then v 3k , . . . , v 3k+5 have induced weights (0, 2k + 2), (2k + 2, 0), (0, 2k + 3), (2k + 4, 0), (0, 2k + 4) and (2k + 3, 0), respectively. In either case, by the assumptions thatŵ 4k+1 was an irregular weighting which assigned the weight k + 1 to the arcs a 3k−1 , a 3k and a 3k+1 (in A 4k+1 ) it is not difficult to verify that the other vertex weights in A 4k+5 are distinct and have in-weight or out-weight at most 2k + 1. Thusŵ 4k+5 is an irregular labeling.
The case is similar to case 1: In the case that n = 4, we label the antipath from left to right 1,1,1. In the case n = 4k + 4, where k ≥ 1, we form an irregular labeling from the case n = 4k by inserting four arcs at v 3k and labeling the arcs, in order,
In the case n = 2 we have a directed K 2 which has irregularity strength 1. In the case n = 6 we label the arcs of A 6 from left to right 1,2,2,2,1. To label A 4k+6 , for k ≥ 1 we begin with the previous irregular labeling of A 4k+2 , insert 4 arcs at v 3k+1 and label these arcs, in order, k + 1, k + 2, k + 2, k + 2.
Case 4 n ≡ 3 (mod 4).
Let n = 4k + 3. We first show that s(A n ) > k + 1. In our orientation, there are 2k + 2 vertices with in-degree 0. If the largest arc label was k + 1, then the vertices with in-degree 0 would have weighted degrees (1, 0), (2, 0),...(2k + 2, 0) and hence the out-weights on the arcs of A n sum to
. Now consider the fact that in any weighting of a digraph, the sum of the in-weights and out-weights are equal. There are only 2k + 1 vertices with out-degree 0 and thus these vertices have 2k + 1 weighted degrees from the set (0, 1),...(0, 2k + 2). Since one weighted degree must be omitted, the sums of the in-weights must be strictly less than the sum of the out-weights. As such, largest label we use in an irregular labeling must be greater than k + 1.
With a recursive labeling as above, we can achieve this new lower bound. Label the arcs of A 3 from left to right with 1, 2. Label the arcs of A 7 from left to right with 1, 2, 3, 3, 3, 2. To label A 4k+7 , where k ≥ 1, begin with the previous irregular weighting of A 4k+3 . We then insert four arcs at vertex v 3k+2 and weight them, in order, k + 2, k + 3, k + 3, k + 3.
An argument similar to the one given in Case 1 suffices to show that the arclabelings given are, in fact, irregular.
Conclusion
We conjecture that P n and A n represent the extreme cases for the irregularity strength of an orientation of a path. To see that the lower bound of (1 + o(1))n is necessary, consider the oriented path P obtained by associating the last vertex of P k with the first vertex of A 4 √ k . Then P has k + 4 √ k − 1 vertices and irregularity strength at most k + 1.
It would be of interest to show that there is some absolute constant c such that for any digraph D such that s(D) ≤ λ(D) + c. The corresponding statement is conjectured to be true for connected (undirected) graphs and is known to be false in general (for instance, [17] ). It is possible that the added condition that D is connected is necessary, although we currently know of no example, connected or otherwise, that disproves the existence of such a constant c. At this time, we are unable to show the weaker result that there is some absolute constantĉ such that for any choice of D, s(D) ≤ĉ λ(D). Such an assertion would also be of interest.
